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ANALYTICAL LIFEX'IME STUDIES OF A CLOSE-LUNAR SATELLITE 
By W i l l i a m  R. Wells 
Langley Research Center 
An ana ly t i ca l  study has been made t o  determine the  influence of t h e  t h i r d  
zonal harmonic of t he  moon on the  l i fe t ime of close-lunar s a t e l l i t e s .  The 
o r b i t s  considered a r e  applicable t o  a close-lunar photographic mission and f o r  
a mission t o  determine the  magnitude of t he  coeff ic ient  of t h e  t h i r d  zonal 
harmonic of t he  moon 530. The lunar  model used i n  the  analysis  has oblate- 
ness, equator ia l  e l l i p t i c i t y ,  and a nonsymmetric d i s t r ibu t ion  of mass i n  the  
northern and southern hemispheres; t h a t  is, t he  grav i ta t iona l  po ten t i a l  func- 
t i o n  includes terms involving the  coeff ic ients  of t h e  zonal and s e c t o r i a l  
harmonics J20, J22, and J30 i n  addition t o  the point-mass contribution. 
Target-site se lec t ion  f o r  a photographic mission i s  considered f o r  o r b i t s  
with i n i t i a l  arguments of pericentron corresponding t o  optimum lifetimes based 
on a given magnitude of J30 (independent of i ts  s ign) .  With t h i s  constraint  
imposed on the  i n i t i a l  argument of pericentron, t h e  e f f e c t  of inc l ina t ion  on 
t h e  t a rge t  s i t e s  and rate of change of pericentron a l t i t u d e  is  considered. 
This phase of the analysis  i s  considered by using several  values f o r  t h e  mag- 
nitude of J30. 
about another a t  which the  l e a s t  separation of the two bodies occurs.) 
(Pericentron i s  defined as t h e  point i n  t h e  o r b i t  of one body 
INTRODUCTION 
I n  order t o  design proper o r b i t a l  elements f o r  lunar  missions having 
close-approach orb i t s ,  it is  necessary t o  obtain an estimation of possible 
maximum perturbations on t h e  s a t e l l i t e .  The major perturbations a r i s e  from 
t h e  disturbing influence of t h e  ear th  and sun and from t h e  higher order har- 
monics of t he  lunar  g rav i t a t iona l  po ten t ia l  function. A pr inc ipa l  perturba- 
t i o n  on a close-lunar s a t e l l i t e  i s  due t o  t h e  mass anomalies which are 
expressed mathematically i n  t h e  grav i ta t iona l  po ten t i a l  function i n  t h e  form 
of the  coef f ic ien ts  of t h e  higher order harmonics such as J20, J2*, and J30. 
The harmonic with coef f ic ien t  J30 
t r i c i t y  of t he  o r b i t  and consequently i n  i t s  pericentron a l t i t ude .  
monics with coef f ic ien ts  J20 and 522 cause no change and second-order 
changes, respectively, i n  t h e  eccentr ic i ty ,  and f o r  t h i s  reason only t h e  e f f e c t  
of t he  t h i r d  zonal harmonic on t h e  satell i te l i f e t i m e  w i l l  be considered. 
causes a f i r s t -o rde r  change i n  the  eccen- 
The har- 
Unt i l  a lunar  s a t e l l i t e  i s  establ ished the re  w i l l  be no data avai lable  
f o r  making ana ly t i ca l  calculat ions of t h e  J30 coeff ic ient  f o r  t he  moon. The 
s i tua t ion  i s  analogous t o  t h a t  for t he  earth, f o r  which the  pear-shape e f f e c t  
w a s  discovered a f t e r  analysis  of t racking data from t h e  first ear th  s a t e l l i t e s .  
The best  t h a t  can be done at present i s  t o  make estimates of the  
f o r  t he  moon based on knowledge of corresponding values f o r  t he  ear th .  These 
approximations may t u r n  out t o  be ra ther  gross but they do provide a s t a r t i n g  
point.  
530 value 
It has been suggested i n  reference 1 t h a t  estimates of t he  coeff ic ients  
of t he  higher harmonics of t h e  lunar  g rav i t a t iona l  po ten t i a l  can be based on 
the  assumption t h a t  t h e  moon and ear th  can support equal s t resses .  For a 
smaller and less massive body, a given s t r e s s  implies grea te r  grav i ta t iona l  
anomalies than for a l a r g e r  body. A simple dimensional analysis on the  s t r e s s  
and the  equal s t r e s s  assumption indicate  t h a t  corresponding coeff ic ients  of 
t h e  moon can be some 36 times those f o r  t h e  ear th .  The maximum value of 530 
f o r  t he  ear th  has been estimated from studies  of ea r th - sa t e l l i t e  t racking data  
t o  be about -2.6 x This means t h a t  t h e  magnitude of J30 f o r  the  moon 
may be as la rge  as 9.3 x 10-3 i f  t he  equal s t r e s s  assumption i s  t rue .  
I n  the  absence of a J30 term, close s a t e l l i t e s  of t he  moon would have 
essent ia l ly  an inde f in i t e  l i fe t ime (ignoring so la r  and ear th  per turbat ions) .  
The presence of a 
about a year) which w i l l  l i m i t  t h e  l i fe t ime of these s a t e l l i t e s ;  the  amount of 
l imi ta t ion  depends on t h e  i n i t i a l  conditions under which the  o rb i t  i s  estab- 
l ished.  Since long l i fe t imes  a re  generally des i rab le  f o r  most missions, it is  
na tura l  t o  look f o r  s i t ua t ions  f o r  which long l i fe t imes  a re  obtained even 
though the  magnitude.and s ign of J30 a re  not known. A t  the  same time, s ince 
an analysis t o  determine the  lunar  grav i ta t iona l  f i e l d  i s  par t  of any mission, 
t h e  o rb i t s  should be designed so t h a t  t he  value of can be estimated from 
tracking data.  It w i l l  be shown i n  t h i s  analysis  t h a t  these two fea tures  can 
be obtained simultaneously by a proper choice of t he  i n i t i a l  value of the  
argument of pericentron which i s  the  e s sen t i a l  parameter i n  t he  analysis .  
J30 term causes long per iodic  perturbations (period of 
J30 
SYMBOLS 
a semimaJor axis of Keplerian orbi t ,  k m  
i time r a t e  of change of a general element 
e eccent r ic i ty  of a Keplerian o rb i t  
2 2 2  J30% 
2 ~ ~ ~ a ( 1  - e ) 
s i n  i - e cos i f =  
2 e s i n  i 
2 
G universal  g rav i ta t iona l  constant 
i orb i t  inc l ina t ion  referred t o  lunar  equator, deg 
J20 coeff ic ient  of second zonal harmonic of lunar  grav i ta t iona l  po ten t ia l  
function, taken as 2.073 x 10-4 
po ten t i a l  function, taken as -2.03 x 10-5 
522 coeff ic ient  of second sec to r i a l  harmonic of lunar  grav i ta t iona l  
coeff ic ient  of t h i r d  zonal harmonic of lunar  grav i ta t iona l  po ten t ia l  
function 
J30 
Jm,Km general coeff ic ients  i n  lunar grav i ta t iona l  po ten t ia l  function 
M mean anomaly, deg 
n 
n l  
pn?n associated Legendre function, pm( s i n  9 )  
r 
r distance from center of moon t o  s a t e l l i t e ,  k m  
mean motion of lunar satel l i te  i n  Keplerian orb i t ,  rad/day 
mean motion of moon about i t s  polar axis, 0.23 rad/day 
posi t ion vector from center of moon t o  satellite, k m  + 
distance from center of moon t o  satel l i te  at pericentron, km rP 
increment of change i n  pericentron distance, km 
disturbing function due t o  m a s s  anomalies, km2/day2 
&P 
R 
Rm mean radius of moon, 1738.1 km 
t t i m e ,  days 
T satell i te l i fe t ime,  days 
U 
V true anomaly, deg 
X,Y,Z Cartesian coordinates of s a t e l l i t e  referred t o  moon-centered ax i s  
lunar grav i ta t iona l  po ten t ia l  function, km2/day2 
system, d i rec t ions  f ixed i n  space, k m  
x ' ,y ' ,z '  Cartesian coordinates of an element of m a s s ,  referred t o  moon- 
centered axis system, km 
e m  Hansen coeff ic ient  
Y vernal  equinox 
A operation denoting incremental change 
3 
Kronecker delta function 
longitude of satell i te measured i n  equator ia l  plane of moon from the  
product of grav i ta t iona l  constant and mass of moon, 3.6601 x 10'3, 
mean earth-moon l ine,  posit ive eastward, deg 
km3/day2 
longitude of sun r e l a t ive  t o  mean earth-moon l ine ,  deg 
l a t i t ude  of s a t e l l i t e  measured from the  lunar equator, posit ive 
northward, deg 
argument of pericentron, deg 
(l - sin2i), secular r a t e  of argument of pericentron, rad/day 
=! 3 d 2 &  
a2(1 - e2I2 
i n i t i a l  argument of pericentron corresponding t o  optimum lifetime, deg (%>m 
52 longitude, from vernal equinox, of ascending node of Keplerian orbi t ,  
52' 
del3 
longitude of ascending node measured from the  mean earth-moon l i n e  
posi t ive eastward, deg 
Subscripts : 
E ear th  
0 i n i t i a l  value 
1 short-period terms 
2 long-period terms (half  the ro ta t iona l  period of the  moon about i t s  
long-period terms (period of the l i n e  of apsides of the  lunar o r b i t )  
polar axis) 
3 
4 secular terms 
A dot over a symbol represents d i f fe ren t ia t ion  w i t h  respect t o  time. 
A bar over a quantity i n  parentheses denotes the mean value of tha t  quantity. 
GENERAL CONSIDERATIONS 
Lunar Model and First-Order Perturbation Analysis 
The mutual a t t r ac t ion  between a body w i t h  f i n i t e  s ize  and a body con- 
sidered as a point m a s s  can be studied by analyzing the  motion of the  point 
4 
m a s s  r e l a t ive  t o  the  f i n i t e  body. This motion is  expressed mathematically as 
where ?' is  the posi t ion vector of t he  s a t e l l i t e  o r  point mass re l a t ive  t o  the 
m a s s  center of t he  moon o r  f i n i t e  m a s s  and i? i s  the mutual force of a t t rac-  
t ion,  per uni t  of s a t e l l i t e  mass, between these two bodies. 
The force f i e l d  3 is  conservative since it is  due t o  gravi ta t ional  
a t t r ac t ion  only and, as such, can be represented as the  gradient of a sca la r  
U cal led the gravi ta t iona l  po ten t ia l  function, t h a t  is, 
1 
F = W  
o r  
(3 )  
li r = V U  
The gravi ta t iona l  po ten t ia l  function per un i t  s a t e l l i t e  m a s s  f o r  each ele- 
ment of the  a t t r ac t ing  body i s  d i r ec t ly  proportional t o  the  element of mass and 
the universal  g rav i ta t iona l  constant and inversely proportional t o  the distance 
separating th i s  element of mass and the  s a t e l l i t e .  The poten t ia l  function per 
un i t  of s a t e l l i t e  mass f o r  the  t o t a l i t y  of elements of the  f i n i t e  body is then 
expressed as 
where M i n  equation (4)  i s  the m a s s  of the  a t t r ac t ing  body. 
The poten t ia l  function can be expressed i n  terms of the  l a t i t ude  and lon- 
gitude of the s a t e l l i t e  r e l a t ive  t o  coordinates on the surface of the  moon and 
the  distance of the  s a t e l l i t e  from the  center of mass of the  moon. 
sion can be made by recognizing that the  gravi ta t iona l  po ten t ia l  s a t i s f i e s  
Laplace's equation f o r  points ex ter ior  t o  the moon's surface and by solving 
th i s  equation f o r  U i n  terms of spherical  harmonics ( r e f .  2). Laplace's 
equation is  
This expres- 
02u = 0 ( 5 )  
The solution of equation ( 5 )  i n  t e r a s  of the  notation of the p'resent paper is  
5 
The solution of Laplace's equation as given by equation (6 )  i s  given i n  refer- 
ences 2 and 3. I n  the  present analysis it i s  assumed t h a t  the  poten t ia l  func- 
t i o n  given by equation (6) can be approximated by the  terms having coeffi-  
c ients  J20, 522, and J30. These harmonics account f o r  whatever oblateness, 
equatorial  e l l i p t i c i t y ,  and pear-shape i s  present. This assumption gives the  
following expression f o r  t he  poten t ia l  function: 
JgO( l  - 3 sin2$) 
The first term on the  right-hand s ide  of equation ( 7 )  is  the  poten t ia l  due 
t o  a point mass; the  second term accounts f o r  the  oblateness of t he  moon; the 
t h i r d  term accounts f o r  the  e l l i p t i c i t y  of t he  equator, and the  fourth term 
accounts f o r  a nonsymmetric d i s t r ibu t ion  of mass i n  the  northern and southern 
hemispheres (pear-shape effect) . .  
The f i r s t -o rde r  perturbations of the  elements (excluding mean anomaly M) 
of the  close-lunar o rb i t  on the  values obtained f o r  a point mass a re  developed 
i n  appendix A and are given here f o r  reference and include both long-period 
e f fec ts  and the  secular effects :  
s i n  i ( s i n  cu - s i n  w0) J 3 0 ~  & = - -  
2aJ20 
2 2 2  J30% 
2 a ~ ~ ~ ( 1  - e') 
s i n  i - e cos i 
e s i n  i 
- (cos w - cos %) 
3 1 ~ ~ 2 %  s i n  i 
2a2nl (1 - e2)2 
J3&e cos i 
~ ~ ~ " ( 1  - e') Ai= (cos 252' - cos m;) -4- ( s i n  (o - s i n  w0) (8d) 
6 
J30Rme cos i 
2 a ~ ~ ~ ( 1  - e2)sin i 
- (cos (II - cos coo) 
The elements a, e, and i t h a t  appear i n  the  coef f ic ien ts  above, s t r i c t l y  
speaking, are mean values as discussed i n  appendix A. 
Most of t h e  angular quant i t ies  i n  the  preceding equations are i l l u s t r a t e d  
I n  t h e  following discussion perturbations of d i f f e r ing  durations i n  f igure  1. 
are discussed. Perturbing terms involving true anomaly v are said t o  cause 
short-period e f f ec t s  s ince these e f f ec t s  are periodic w i t h  a period equal t o  
t h a t  of t h e  satell i te i n  i t s  o r b i t .  Perturbing terms containing the  longitude 
of nodes r e l a t ive  t o  t h e  mean earth-moon l i n e  n'  are said t o  cause long- 
period e f f ec t s  which have a period approximately equal t o  half  the  period Of the  
moon's ro ta t ion  about i t s  polar  axis. Terms involving the  argument of per i -  
centron LU are sa id  t o  cause long-period e f f ec t s  which have a period equal t o  
t h e  period of t he  l i n e  of apsides of t he  lunar  sa te l l i t e  o rb i t .  Perturbing 
terms which a re  independent of t h e  angles v, R ' ,  and u) a re  referred t o  as 
secular  e f f ec t s .  These e f f e c t s  are permanent and, as such, have an i n f i n i t e  
period. I n  the  expressions f o r  t he  var ia t ions i n  the  elements given by equa- 
t i ons  ( 8 ) ,  t h e  short-period e f f e c t s  have been averaged out leaving only t h e  
secular  and both long-period e f f ec t s .  The changes i n  the  elements due t o  short- 
period e f f ec t s  are, i n  general, much smaller than t h e  long-period and secular 
e f fec ts  and w i l l  be considered i n  a l a t e r  sect ion of t h i s  paper. 
A s  indicated i n  equations (8), the  mass anomalies cause no f i r s t -o rde r  
perturbations i n  t h e  semimajor axis. 
of node, however, have perturbations due t o  a l l  th ree  e f fec ts ;  t h a t  is, 
oblateness, equator ia l  e l l i p t i c i t y ,  and pear-shape. The e f f ec t  of t he  oblate- 
ness (J20 term) on these two elements i s  a secular change. 
equator ia l  e l l i p t i c i t y  and pear-shape (J22 and J30 terms) take the  form of 
The arguments of pericentron and longitude 
The e f f ec t s  of 
long-period changes. The eccent r ic i ty  
has only a long-period change caused by 
t h e  pear-shape e f f ec t .  The change i n  
inc l ina t ion  i s  due t o  both long-period 
e f f e c t s  - equator ia l  e l l i p t i c i t y  and 
pear- shape. 
Lunar 
Variation i n  Pericentron Alt i tude 
In  a study of close-lunar satel- 
l i t e  l i fe t imes,  t h e  main concern i s  t h e  
manner i n  which t h e  pericentron a l t i t u d e  
changes with t i m e .  For an o r b i t  i n  
Satellite orbit pione 
Mmal equinox 
Figure 1.- I l lus t ra t ion of pert inent angles. 
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which the  semimajor a x i s  i s  constant ( f o r  instance, when m a s s  anomalies cause 
t h e  perturbations and with short-period e f f e c t s  neglected), t h e  change i n  per i -  
centron a l t i t u d e  i s  given by 
Arp = -a Ae ( 9 )  
A f i r s t -o rde r  approximate analysis can be performed on t h e  satel l i te  l ife- 
time with the  change i n  eccentr ic i ty ,  given by equation (%), subs t i tu ted  i n t o  
equation (9) which gives  
If the  expression f o r  &/dt 
Arp 
expression for h / d t  i s  given by 
obtained i n  appendix A i s  used, the  va r i a t ion  i n  
It i s  shown i n  appendix A t h a t  an approximate with time can be obtained. 
The main analysis  w i l l  be made (with the  exception of a comparison of lifetimes 
using first- and second-order r e s u l t s )  by u t i l i z i n g  the  f i r s t -o rde r  r e s u l t s  of 
equations (10) and (11). 
A second-order expression f o r  Arp is  developed i n  appendix B. This 
r e s u l t  i s  obtained by assuming 
long-period. terms, t h a t  i s  
h / d t  i s  given by the  sum of t he  secular  
- - 
s i n 2 i  - e cos i 
e s i n  i 'i J30Rm s i n  LD - _  h -  3nJ20$ (1 - 2 sinpi) t + d t  a2(1 - e2)2 2J20a(1 - e 2 )  
The r e su l t  of t h i s  analysis  i s  t h a t  
given as 
Arp, including second-order terms, i s  
J3& s i n  i 1 -+ f s i n  w 
Arp = log( 1 + f s i n  wo 2fJ20 
where 
2 2  s in2 i  - e cos i 
8 
Analysis of Short-Period Perturbations and Earth Effects  
The short-period var ia t ions  i n  t h e  elements due t o  t h e  lunar  oblateness 
are developed i n  reference 4. 
short-period var ia t ions  of semimajor axis and eccent r ic i ty  are wri t ten as 
I n  t h e  notation of t h e  present analysis, t h e  
v 
+ 1 a ’sin’i cos 2(w + v) 
2 r  0
+ e cos(v + a) + - 1 e cos(3v + a) 
3 J Lo 
The change i n  t h e  pericentron a l t i t u d e  due t o  these short-period varia- 
t i ons  i s  
expression for 
of equations (15) and (16) i n t o  t h e  following 
(17) = (1 - e ) ( . q  - a(&), 
The var ia t ions  i n  t h e  pericentron a l t i t u d e  of t he  lunar  orb i t ,  due t o  t h e  
dis turbing e f f ec t  of t he  earth, can be computed from the  following equations. 
The mean rates (over a lunar  day) of argument of pericentron, eccentr ic i ty ,  and 
semimajor axis due t o  t h e  influence of t h e  ear th  are: 
sin’a(e2 - s in+)  1 = + 2(1  - e2) 
9 
For close-lunar satellites moderately inclined, ( 
with hS. If &/at i s  approximated by &,, then equation (19)  can be in te -  
grated t o  obtain (A), as: 
i s  small compared 
t h e  fo l -  
( W E  
Subst i tut ion of equation (U) i n to  equation ( 1 9 )  gives f o r  
lowing expression: 
From equation (22) it can be deduced t h a t  t he  m a x i m u m  decrease i n  the  per i -  
centron a l t i t u d e  due t o  ear th  e f f ec t s  i s  
The m a x i m u m  value of occurs f o r  u0 = 0' or  180°, and i s  
LSJNAR SATELLITE mwrrm STUDY 
Lifetime Analysis 
I n  t h i s  analysis  t h e  l i fe t ime of a close-lunar s a t e l l i t e  i s  considered 
ended whenever t h e  a l t i t u d e  of pericentron decreases more than a specif ied 
amount which depends on t h e  i n i t i a l  pericentron a l t i t ude .  
l i fe t ime of an o r b i t  with an i n i t i a l  a l t i t u d e  of pericentron of 46 kilometers 
might be considered ended whenever the  decrease i n  i s  more than 36 ki lo-  
meters, t h a t  is, when This c r i t e r ion  on l i fe t ime would 
allow a 10-kilometer var ia t ion  i n  pericentron a l t i t u d e  which may be present as 
a result of a combination of e f f ec t s  neglected i n  the  analysis  such as second- 
order e f f ec t s  i n  w, short-period perturbations,  and perturbations due t o  t h e  
ear th .  
For instance, t he  
rp 
Arp = -36 kilometers. 
The f i r s t -o rde r  analysis  on the  l i fe t ime of t he  satel l i te  i s  obtained from 
a solution of equations (10) and (11) which are repeated here.  
10 
= - -  J30 Rm s i n  i ( s i n  w - s i n  w0) 
2 J20 
I n  a l l  examples t h e  o rb i t  used (unless  otherwise noted) i s  a d i r e c t  o r b i t  f o r  
which t h e  pericentron and apocentron alt i tudes are 46 and 9 s  kilometers, 
respectively.  
about another a t  which t h e  grea tes t  separation of t h e  two bodies occurs.) 
inc l ina t ion  i s  210 and t h e  i n i t i a l  locat ion of the node i s  30° w e s t  of t he  mean 
earth-moon l i n e  (SI; = -50”). 
moon t r a n s f e r  t r a j ec to ry  f o r  which t h e  t r a n s i t  t i m e  is  about 80 hours. The 
magnitude of J30 i s  assumed t o  be 9.3 x 10-5. A parametric study on both 
inc l ina t ion  and J30 i s  performed. 
(Apocentron i s  defined as t h e  point i n  the  o r b i t  of one body 
The 
This s i t ua t ion  corresponds t o  a typ ica l  earth- 
The var ia t ion  i n  rp with time as given by equations (10) and (11) i s  
i l l u s t r a t e d  i n  f igure  2 f o r  a negative s ign on 
t i a l  values of t h e  argument of pericentron i s  i l l u s t r a t e d .  A plus s ign for 
530 simply causes a change of s ign on the  values presented i n  f igure  2. 
curves ind ica te  t h a t  t h e  pericentron al t i tude can e i t h e r  increase or decrease 
i n i t i a l l y  depending on t h e  values of wo and J30 t h a t  are used. 
J30. The e f f ec t  of some i n i -  
These 
A solut ion f o r  t h e  s a t e l l i t e  l ifetime T from equations (10) and (11) i s  
i l l u s t r a t e d  i n  f igu re  3 f o r  a range of 
es t ing  fea tures  are present i n  t h i s  
f igure.  With J30 = -9.3 x 10-5, a 
minimum l i fe t ime of about 2 weeks 
occurs f o r  wo near 00 and i n f i n i t e  
l i fe t imes  occur f o r  t h e  range 
480 < wo < 1320. 
t i o n  e x i s t s  f o r  530 = 9.3 x 10-5: a 
minimum l i fe t ime of 2 weeks occurs 
f o r  coo near 180°, and an i n f i n i t e  
l i f e t ime  occurs f o r  2280 < wo < 3120. 
A s i m i l a r  s i tua-  
The explanation f o r  t h e  s h i f t  
from a f i n i t e  t o  an i n f i n i t e  l i f e t i m e  
can be obtained from f igure  4. 
wo < 480, f o r  instance wo = 30°, t h e  
curve in t e r sec t s  t h e  l i n e  marked 
&rp = -36 kilometers a f t e r  about 
16 days; hence, a 16-day l i f e t ime  i s  
shown i n  f igu re  3. The curve f o r  
% = 480 
marked &rp = -36 kilometers a f t e r  
For 
i s  tangent t o  t h e  l i n e  
wo from 00 t o  3600. Several i n t e r -  
J, = -9.3 x 
46-925 km orbit 






1 I I I I u 
40 00 120 160 200 240 280 320 
Time, days 
Figure 2- Variation of Arp w i t h  t ime for several in i t ia l  values of the 
argument of pericentron. 
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46-925 km orbit 
I.-.. :.:. i = 21° ......................... .......................... h infinite lifetime I for J,, =- 9.3~ IO 
"0 40 80 120 160 200 240 280 320 360 
w0 I deg 
Figure 3.- Satellite l i fetime a s  a funct ion of ini t ial  values of argument of 
Dericentron. 
about 35 days so t h a t  t h i s  
t i m e  serves as a l i m i t i n g  
value of t h e  f i n i t e  l ifetimes 
f o r  mo < 4 8 O .  For 
48' < cu0 < 132O, f o r  instance 
cu0 = 60°, t h e  curve never 
in t e r sec t s  t h e  l i n e  marked 
Arp = -36 kilometers; hence, 
t h e  i n f i n i t e  l i f e t ime  . 
The estimate of t he  m a g -  
nitude of J30 of 9.3 x 10-5 
provides a possible bas i s  f o r  
determination of t he  magni- 
tude of t h e  pericentron a l t i -  
tude var ia t ions.  However, 
t h e  s ign of J30 i s  very 
c r i t i c a l  t o  t h e  ac tua l  l i f e -  
t i m e  of t he  satel l i te .  Since 
t h e  s ign i s  unknown, it i s  
na tura l  t o  inquire i n t o  t h e  
possible existence of i n i t i a l  
conditions on t h e  satel l i te  
J30 t h a t  r e su l t  i n  "optimum" o r  favorable l ifetimes f o r  a given magnitude of 
regardless of i t s  sign. Reference t o  f igure  3 indicates  t h a t  f o r  
1530 I = 9.3 x 10-5 t he re  i s  an i n i t i a l  value of t h e  argument of pericentron 
of approximately 4 8 O  f o r  which 
t h e  l i fe t ime i s  i n f i n i t e  i f  
J30 < 0 
(T = 93 days) i f  J30 > 0. The 
f i n i t e  value i s  ca l led  the  "opti- 
r" l i fe t ime."  A s a t e l l i t e  i n  an 
o rb i t  having t h i s  i n i t i a l  value 
o f  argument of pericentron w i l l  
have a t  l e a s t  a l ifetime of 
95 days. A s i m i l a r  s i t ua t ion  
ex i s t s  a t  mo = 228O. For the  
remainder of t h e  analysis,  when 
optimum l i fe t imes  are considered, 
t h e  i n i t i a l  value of argument of 
pericentron less than 90° w i l l  be 
used and referred t o  as 
It should be noted t h a t  
(Oo )m 
and i s  favorable 
( C D ~ ) ~ .  
= 480 w a s  f o r  t h e  special  
J m  = - 9 . 3 ~ 1 0 - ~  
46-925 km orbit 
150- 
I 
. -1.- . ~ I I 1 I I I I 
0 20 40 60 80 100 120 140 160 
Time,  days 
Figure 4.- I l lustrat ion of in f in i te  and f ini te lifetimes concept. 
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case of i = 21’ and 
both inc l ina t ion  and 
IJ301 = 9.3 x lo-’. I n  general  ( u ) ~ ) ~  i s  dependent on 
IJ301* 
Photographic Mission 
A lunar  photographic mission t o  be performed by a sa te l l i t e  i n  a close- 
A t  t h e  same t i m e ,  
lunar  o rb i t  should b e  designed so t h a t  t h e  o rb i t  has a su f f i c i en t ly  low peri-  
centron a l t i t u d e  t o  provide good photographic resolut ion.  
t he  pericentron a l t i t u d e  must be su f f i c i en t ly  high so t h a t  t he  s a t e l l i t e  l i fe -  
t i m e  i s  not ended before the  photographic mission i s  completed. Other charac- 
t e r i s t i c s  of t h e  o rb i t  such as eccentricity,  incl inat ion,  and i n i t i a l  argument 
of pericentron must a l s o  be chosen properly s ince they a f f ec t  t he  l i fe t ime of 
t h e  s a t e l l i t e  as w e l l  as t h e  photographic coverage of t h e  lunar  surface. The 
value of i n i t i a l  argument of pericentron g rea t ly  a f f e c t s  t h e  l i fe t ime of t h e  
s a t e l l i t e  and t h e  area avai lable  f o r  t h e  photographic mission. 
it i s  chosen t o  correspond t o  t h e  value t h a t  r e s u l t s  i n  the  optimum lifetime, 
discussed previously. 
For t h i s  reason 
Another f a c t o r  t o  be considered i n  a photographic mission i s  t h a t  of 
favorable l igh t ing  conditions. The l igh t ing  conditions on a region a re  con- 
sidered favorable f o r  photography whenever the  sun rays a re  a t  about 60° t o  
t h e  l o c a l  ve r t i ca l .  This s i tua t ion  i s  i l l u s t r a t e d  i n  f igure 5 .  A s  shown i n  
f igure  5 ,  t he  i n i t i a l  argument of pericentron should be s i tua ted  near t he  point 
where t h e  t r ace  of t h e  lunar  satel l i te  plane in t e r sec t s  t h e  60° c i r c l e  centered 
about a l i n e  i n  t h e  d i rec t ion  of t h e  sun. These conditions w i l l  insure favor- 
able  l igh t ing  f o r  t h e  photographic phase of t h e  mission. 
Trace of lunar 
satellite plane satellite plane 4 / 
+Sun 
-.Earth 
Figure 5.- Illustration of initial angular relationship for photographic 
mission. 
. .  . 
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E f f e c t  of Orbit Inc l ina t ion  on Target S i t e  Selections 
and Lifetimes of Close-Lunar S a t e l l i t e s  
U t i l i za t ion  of the optimum lifetime (previously defined) i n  a lunar m i s -  
s ion automatically constrains any operation dependent on t h e  i n i t i a l  value of 
t h e  argument of pericentron. I n  t h e  case of a close-lunar photographic mission 
i n  which the  p ic tures  are t o  be taken at  pericentron, t h i s  constraint  takes  t h e  
form of a r e s t r i c t i o n  i n  surface areas avai lable  f o r  t h e  experiment. This con- 
s t r a i n t ,  however, can be made less severe by allowing some freedom i n  t h e  selec- 
t i o n  of t he  inc l ina t ion  f o r  t h e  mission. The e f f ec t  of incl inat ion on changes 
i n  pericentron a l t i t ude ,  optimum l i fe t imes,  i n i t i a l  l a t i t udes  and longitudes of 
pericentron location, and subsequent changes with time, i n i t i a l  so l a r  posit ions,  
and i n i t i a l  values of i s  considered i n  t h i s  section. I n  a l l  cases, t h e  
o r b i t s  considered are d i r e c t  and have pericentron and apocentron a l t i t udes  of 
46 and 925 kilometers and i2: = -50°. The values of ( c u ~ ) ~  were determined 
from the  assumption t h a t  t h e  l i f e  of t h e  s a t e l l i t e  ended whenever t h e  per i -  
centron a l t i t u d e  decreased more than 36 kilometers. 
6or 
J30 = -9.3 x 10-5 
46-925 km orbit 
dn =-5oa 
The condition needed to obtain an 
expression f o r  (ao)m can be deduced from 
t h e  de f in i t i on  of ( C U ~ ) ~  and from refer -  
,-” ence t o  figure 4. It can be seen from t h i s  
f igure  t h a t  cu, = ( L U ~ ) ~  whenever the  condi- 
t i ons  -(ArP) = 0 and AT$ = -36 kilometers 
occur together .  If t h i s  operation i s  per- 
d 
dt  
,- /’ 1 , formed on equation (10) and i f  the  value 
6o of Arp = -36 kilometers i s  used i n  equa- i ,  deg 2or t i o n  (10) it is  found tha t  i 
-600 I- I 1 I I I 







.I I 0 
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1  I 
Figure 6.- Initial values of argument of pericentron. 
The dependence of ( ( L ) ~ ) ~  on i as 
determined from equation ( 2 5 )  i s  shown i n  
f igure  6. The m a x i m u m  value of ( C U ~ ) ~  f o r  
530 = -9.3 x 
p.onding t o  i = go0. The minimum value i s  
Oo and occurs f o r  i = 5 O .  For incl ina-  
t ions  less than about 50, t h e  l i f e t ime  of 
t he  s a t e l l i t e  i s  unaffected by the  presence 
of a 530 term of t h i s  magnitude. Fig- 
ure 6 a l s o  i l l u s t r a t e s  the  var ia t ion of i n i -  
t i a l  l a t i t u d e  and longitude of pericentron 
locat ion with incl inat ion.  Note t h a t  these 
i n i t i a l  longitudes and l a t i t udes  are 
i s  about 65’ corre- 
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essen t i a l ly  r e s t r i c t e d  t o  t h e  northwest (cartographic) quadrant of t h e  moon. 
Other areas are possible i f  a d i f f e ren t  d i rec t ion  i n  o r b i t  i s  considered. 
The change i n  pericentron a l t i t u d e  with t i m e ,  f o r  various incl inat ions,  
i s  shown i n  f igure  7. These curves were generated with wo = (Wo)m and 
J30 = -9.3 x 10-5. Note t h a t  Arp i s  never less than -36 kilometers since, 
according t o  f igure  3, these values of 530 and cu0 = ( C U ~ ) ~  cause an i n f i -  
n i t e  lifetime. However, i f  a value of 
i n  f igu re  7 would be inverted and, f o r  
not occur. (See f i g .  3 f o r  t h e  case of 
t i m e s  which occur are, f o r  example, 1& days f o r  i = l5O, and 124 days f o r  
i = 100. 
J30 = 9.3 x 10-5 were used, t h e  curve 
u0 = ( ( D ~ ) ~ ,  an i n f i n i t e  l i fe t ime would 
Instead, t h e  optimum l i f e -  i = 210.) 
Figure 8 presents t h e  var ia t ion  i n  t h e  optimum l i f e t i m e  with incl inat ion.  
Incl inat ions of less than about 50 result i n  an i n f i n i t e  l i fe t ime.  Inclina- 
t i ons  grea te r  than 50 r e su l t  i n  f i n i t e  optimum lifetimes.  
optimum lifetime, about 95 days, occurs f o r  an inc l ina t ion  near 250. 
The minimum of the  
The i n i t i a l  r a t e  of change of t h e  per i -  
centron a l t i t u d e  for cu0 = ( w ~ ) ~  and 
530 = -9.3 x 10-5 
For 5 O  < i < 600, t h e  pericentron decreases 
i n i t i a l l y .  For 5 O  < i < 150, t h i s  decrease 
continues u n t i l  about 45 days have passed, as 
can be seen from f igure  7. The i n i t i a l  r a t e  
of change i n  pericentron a l t i t u d e  f o r  
i = loo and l 5 O  i s  -1.3 and 
-1.7 kilometers/day, respectively.  Figure 7 
indicates  t ha t  these r a t e s  remain approxi- 
mately constant f o r  t h e  first 10 days i n  
o rb i t .  These r a t e s  ind ica te  t h a t  i n  addition 
t o  the  provision of optimum lifetimes, the  
i s  a l s o  shown i n  f igure  8 ,  
i = x)o 
4 6 - 9 2 5  km orbit 
I I I I I . I  I I _ _ I  
40 80 120 160 200 240 280 3 2 0  360 
Time. days 
4 6 - 9 2 5  km orbit 









I O  20 
i 
I I I I 
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Figure 7.- Variation of pericentron altitude with time. Figure 8.- Initial values of rp and o and optimum 
lifetimes. 








condition oo = ( ( u ~ ) ~  
reveal, through an analysis  of t he  tracking data, an ea r ly  determination of t h e  
s ign of J30 and a first estimate of i t s  magnitude. 
causes changes i n  t h e  pericentron a l t i t u d e  t h a t  could 
The i n i t i a l  solar pos i t ion  uo i s  a l so  shown i n  figure 8. An i n i t i a l  
and s o l a r  incidence angle of 60° t o  t he  l o c a l  longitude of node 
v e r t i c a l  were used i n  t h e  determination of t h e  so l a r  posit ions.  The value of 
uo 
These angles correspond t o  about 1 and days before f u l l  moon. Reference t o  
f igure  5 indicates  t h a t  it is  a l s o  possible t o  obtain favorable l i gh t ing  con- 
d i t i ons  f o r  these i n i t i a l  e lements  after f u l l  moon. The values of a, i n  fig- 
ure  8 and the  values of flo and 8, i n  figure 6 were computed by use of equa- 
t i ons  ( ~ 2 )  and ( ~ 3 )  from appendix C. 
0,; = -500 
varies  from loo east t o  about 5 7 O  east for inc l ina t ions  between 5 O  and 30°. 
2 
shown i n  f igure  10. Note t h a t  t h e  con- 
i = 20° unavailable, t o  a photographic mission, 
J~~ = - 9 . 3 ~  10-5 
w0 = (Wo),,, , = - 50" s t r a i n t  of optimum lifetime has made 
46-925 km orbit 
t h e  grea te r  pa r t  of regions i n  t h e  
immediate v i c i n i t y  of t he  lunar  equator. 
A means of including t h i s  region, how- 
ever, could be obtained by such opera- 
t i ons  as a delay i n  o rb i t  or a simple 
plane-change technique. 
i =  1 5 O  
i = IOo 
j E 6" 
I 




t h e  Lifetime of a Close-Lunar 
S a t e l l i t e  
The previous analysis  was performed 
by using the  value J30 = -9.3 x 10-5. 
Since t h i s  value i s  only a first esti- 
m a t e  of 
invest igate  some of t h e  previous r e su l t s  
when other  values of 530 are  assumed. 
The e f f ec t  of J30 on such parameters 
as (&p)max, ( L U ~ ) ~ ,  optimum lifetimes, 
J30, it is  of i n t e r e s t  t o  
(gp)o, a k  pericentron locat ion are 
shown i n  f igures  11 t o  13. The values 
of 530 used a re  the  suggested value 
Figure 9.- Variation of pericentron location w i th  t ime 
after orb i t  establishment. 
16 
L-64- IO18 
Figure 10.- Trace on  Moon of argument of pericentron w i t h  time. 
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of 9.3 x 10-5, twice t h i s  value, one-half t h i s  value, and one-fourth t h i s  
value. In  a l l  cases a. = (coo)m. 
Figure ll indicates  t h a t  there  a re  cer ta in  values of inclination, 
depending on the  value of J30, for which i s  zero; values of i below 
these correspond t o  indef in i te  l i f e t i m e s  for the  s a t e l l i t e .  I n  general, the  
incl inat ion f o r  = 0 decreases w i t h  an increase i n  magnitude of J30. 
Equatorial o rb i t s  (i = 00) were not considered i n  the analysis since one 
requirement of t he  mission is  the  determination of a value f o r  
gives the  locat ion of the  pericentron f o r  the  first week a f t e r  establishment 
of t he  lunar s a t e l l i t e  corresponding t o  three  values of J30 and i = 17O. 
For a var ia t ion i n  J ~ o  from -4.65 x 10-5 t o  -18.6 x 10-5, a change i n  
occurs which causes the i n i t i a l  l a t i t u d e  of pericentron t o  change from about 
4 O  t o  about 110. 
centron are  from -340 t o  4O. 
530. Figure 13 
( o ~ ) ~  
The corresponding changes i n  i n i t i a l  longitude of the  peri-  
'400i 







- -18.6 X io-' 80 
-9.3 x 10-5 
-4 .65~ 10-5 
i. deg 
Figure 11.- Variation of (Arp)max and (uo),,, with inclination. 
46-925 km orbil 
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Figure 12- Variation of (fp)o and optimum lifetime 
with inclination. 
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AND EARTH EFFECTS 
J m  = -9.3 x  IO-^ 




Second-Order Effects  
The second-order e f f ec t s  of 530 
are determined from equations (12) t o  (14). These e f f ec t s  are dependent on the  
magnitude of t h e  correction function f given by equation (14).  This function 
i s  seen t o  be dependent on a, e, i, J20, J30, and R,. For a given o rb i t  
s i z e  and assumed lunar  grav i ta t iona l  potent ia l ,  t h e  value of f var ies  with i 
as shown i n  f igure  14. I n  the  v i c i n i t y  of i = loo, second-order e f f ec t s  are 
negl igible  but may become important at lower and higher incl inat ions.  The 
e f f ec t  of t h i s  correction on t h e  l ifetime of a s a t e l l i t e  is  shown i n  f igure  15. 
I n  general, t h e  l i fe t ime decreases with the  grea tes t  e f f ec t  (a  20-day differ- 
ence) near wo = 1800. The band of values cf wo f o r  which t h e  satell i te has 
an i n f i n i t e  l i fe t ime a l s o  narrows. 
on the  l ifetime of t h e  lunar satel l i te  
16r 46-925 km orbil 
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I 2 3 4 5 6 7 
-I 200 
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Figure 13.- Variat ion of pericentron location wi th  t ime for var- 
ious values of J30. 
Short-Period Perturbations 
and Earth Effects 
Some r e s u l t s  f o r  short-period 
change i n  pericentron a l t i t u d e  a re  
computed from equations (15) t o  (17) 
and are shown p lo t ted  i n  f igure  16. 
The change i n  pericentron a l t i t u d e  
from t h e  t i m e  t h e  satel l i te  i s  at  some 
Figure 14.- Maximum effect of correction to w 
with inclination. 
i n i t i a l  point i n  t h e  o rb i t  v = Oo 
i s  shown f o r  all possible i n i t i a l  t r u e  anomalies. 
pericentron are considered, oo = Oo and oo = 40° f o r  each of two orb i t s :  
one having a pericentron of 46 kilometers and an apocentron of 925 kilometers, 
t h e  other  having a pericentron of 46 kilometers and an apocentron of 1850 ki lo-  
meters. The l a rges t  decrease i n  pericentron a l t i t u d e  (less than 0.6 kilometer 
f o r  these o r b i t s )  occurs f o r  an i n i t i a l  loca t ion  of t he  satel l i te  i n  t h e  vicin- 
i t y  of apocentron 
(vo = 1800). These var i -  
a t ions  i n  pericentron 
pared with the  long- 
period var ia t ions obtained 
by assuming the  suggested 
magnitude of 9.3 x 10-5 
f o r  J30. 
v = vo t o  t h e  time it is  at pericentron 
Two i n i t i a l  arguments of 
J3oz-9.3 x IO-' 
46-925 km orbit 
i = 21° a l t i t u d e  are s m a l l  com- 
The e f f ec t  of t he  
ear th  on the  l i f e t ime  of 
a close-lunar o rb i t  can be 
determined from equa- 
t i ons  (18) t o  (24) .  I n  
f igure  17, t h e  var ia t ion  
I . I ,  i n  t he  pericentron a l t i -  
tude with time due t o  t h e  
ear th  e f f ec t s  i s  shown. 
The m a x i m u m  decrease i n  
the  pericentron a l t i t u d e  
f o r  these i n i t i a l  argu- 
ments of pericentron i s  
about 5.0 kilometers. The 
Figure 15.- Comparison of l i fetimes for  f i rs t -  and second-order analvsis. 
46-925 km orbit / maximum value of 
i = 21' i s  given by 
-4  'l.. , >/ equation (24) as a func- <>\, / ,//'\ wo=40" [(w E] max 
(arp),, km7p
(Arp)l, km -4  :I yl '.- zz-,- two,,, 
. - Lo: 00 t i o n  of inc l ina t ion  for a 
-.60 I I .  I I I I I 1 given o rb i t  s i z e .  This 
40 80 120 160 200 240 280 320 360 
yo, deg value i s  shown p lo t ted  
0 .. , i n  f igure  18 against  i 
for a 46-923- and a 
46-1850-kilometer o rb i t .  
For these o r b i t s  it can 
be seen t h a t  t h e  m a x i m u m  
value of 
l i e s  i n  t he  range from 0 
t o  70 kilometers for 
inc l ina t ion  between 00 and 
500. For t he  21° incl ined 
o rb i t  t h e  average values 
46- 1850 km orbit 
i = 21" /1 ' *- wo = 40" 
K h P ) $ =  
\\ ,' 
I I I I I -6 
0 40 80 I20 160 200 240 2LO 3:O 3& 
vo, deg 
Figure 16.- Short  periodic variation in pericentron altitude w i t h  time. 
20 
, 
46-925 km orbit 
i = 21° 
Time, days 
Figure 17.- Variation of pericentron altitude w i th  time due to eartn 
effects. 
of t h e  maximum change i n  pericentron 
a l t i t u d e  due t o  ear th  e f f e c t s  on 
these o rb i t s  a r e  about 6 and 14 k i l o -  
meters. These r e su l t s  indicate  t h a t  
both the  short-period and ear th  per- 
turbations on t h e  pericentron a l t i t u d e  
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Figure 18. - Maximum change in pericentron altitude due to earth 
effects. 
o r b i t s  a r e  s m a l l  compared with t h e  previously discussed long-period e f f ec t s  but 
can become s igni f icant  f o r  more incl ined and l a rge r  o rb i t s .  
CONCLUDING REMARKS 
An ana ly t ica l  l i f e t i m e  study of close-lunar s a t e l l i t e s  has been performed 
for a mathematical model of t he  moon which has oblateness, equator ia l  e l l i p -  
t i c i t y ,  and a nonsymmetric d i s t r ibu t ion  of m a s s  i n  t he  northern and southern 
hemispheres. It i s  shown t h a t  a value of t he  coef f ic ien t  of t he  t h i r d  zonal 
harmonic J30 f o r  t h e  moon of approximately 36 times t h a t  f o r  t h e  ear th  can 
cause large changes i n  t h e  pericentron a l t i t u d e  resul t ing,  i n  many instances, 
i n  short  l i fe t imes  of close-lunar s a t e l l i t e s .  On t h e  other  hand, it i s  shown 
t h a t  there  are conditions f o r  which the  l i fe t ime i s  inde f in i t e  f o r  a favorable 
s ign of 530. 
I n  general, an a rb i t r a ry  i n i t i a l  argument of pericentron e i the r  r e s u l t s  i n  
a long l i fe t ime i f  530 has one s ign or a short  l i fe t ime i f  J30 i s  of t h e  
opposite sign. However, it i s  shown tha t ,  associated w i t h  each orb i t ,  there 
are two i n i t i a l  arguments of pericentron, ( ~ l ) o ) ~  and (LU0)m + 180°, f o r  which 
t h e  l i fe t ime i s  r e l a t ive ly  long independent of t h e  s ign of 
of these "optimum l i fe t imes"  i n  a lunar  mission automatically constrains any 
J30. Ut i l i za t ion  
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operation dependent on t h e  i n i t i a l  value of t h e  argument of pericentron. It i s  
found that ,  i n  t h e  case of a close-lunar photographic mission i n  which p ic tures  
are t o  be taken at  pericentron, t h i s  constraint  takes  the  form of a r e s t r i c t i o n  
on t h e  lunar-surface coverage avai lable  f o r  t h e  experiment. However, t h i s  
r e s t r i c t i o n  can be l i f t e d  somewhat by allowing some freedom i n  the  choice of 
o rb i t  inc l ina t ion  f o r  t h e  mission. Under t h i s  r e s t r i c t ion ,  t h e  region at the  
center of t h e  lunar  d i sk  is  unavailable f o r  immediate photographic coverage i n  
a typ ica l  close-lunar o rb i t .  
It i s  shown t h a t  t h e  constraint  of optimum lifetimes allows a grea t  deal 
of freedom i n  selecting photographic surface areas and a means of obtaining 
data on t h e  lunar  g rav i t a t iona l  f i e l d  from a t racking analysis.  
of t h e  t i m e  r a t e  of change of t h e  pericentron a l t i t u d e  should be su f f i c i en t ly  
large for t h i s  condition t o  obtain a first estimate of t h e  magnitude of 
a s  w e l l  as i t s  sign. 
The magnitude 
J30 
The general  results of t he  analysis  are based on satel l i te  lifetimes as 
determined from a secular  change i n  the  argument of pericentron. The l ifetimes 
as determined by a more accurate representation of t h e  change i n  argument of 
pericentron, a secular  plus  a long-period change, i s  considered b r i e f ly .  The 
result of t h e  calculat ions indicated t h a t  t h e  more accurate analysis results i n  
shorter  lifetimes. 
Results of an analysis  of short-period perturbations and ear th  e f f ec t s  
indicated t h a t  t he  lunar  s a t e l l i t e  l i fe t ime i s  not affected, t o  a grea t  extent, 
by these fac tors  whenever t h e  o rb i t s  are moderately incl ined and are not too  
large.  
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hmpton, Va. ,  March 15, 1965. 
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PERTURBATION OF THE ELEMENTS 
Analyses similar t o  t h e  following ones a r e  performed i n  numerous papers. 
The in t en t  here, however, i s  t o  give 'some of t he  (See, f o r  example, re f .  4. ) 
d e t a i l s  not present i n  t h e  other  developments. 
The gravi ta t iona l  po ten t i a l  function used t o  represent t he  moon i n  t h i s  
analysis  i s  
L. 
7 
J22 cos2$ cos 28 - - J30 - -  3% r 2  
The disturbing function due t o  t h e  f a c t  t h a t  t h e  moon has m a s s  anomalies i s  
The disturbing function R can be expressed i n  terms of the  elements of the  
o r b i t  from a consideration of t he  following sketch; 
Lunar 
z S a t e l l i t e  
equator ia l  plane 
X 
Y 
orb i t  plane 
I Vernal equinox To ear th  
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Application of spherical  trigonometry t o  the  geometry presented i n  the  sketch 
gives 
cos e = -Eo.(., 1 + v>cos 0' - cos i s i n  a 's in(w + vjJ 
cos $ 
From t h i s  expression t h e  term 
as 
cos2$ cos 28 i n  equation (A2) can be expressed 
cos2$ cos 28 = + cos2i)cos ='cos 2(w + v )  
2 
+ s in2 i  cos 252' - 2 cos i s i n  2 ~ ' s i n  2(cu + 
I n  terms of t h e  elements of t h e  orbi t ,  R can be wr i t ten  as 
- 5 s in2 i  s i n  3(cu + v) s i n  i 1 1  
To eliminate the  short  periodic perturbations (on t h e  order of one o r b i t a l  
period), in tegra te  R with respect t o  M from 0 t o  255 assuming t h a t  a, e, 
i, cu, and 52' a r e  constant. This procedure gives, t h e  first order i n  J20, 
522, and J30 the  following: 
+ - 3% 530e(l - e2)-5'2sin i 
2a 
The integrat ion indicated i n  equation (A6) can be determined immediately i f  use 
i s  made of t h e  following results obtained from reference 5: 
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21t k2n(:rs in  mv dv = 0 
where p i s  a summation index. 
To f ind  t h e  var ia t ion  i n  t h e  elements due t o  t h i s  averaged dis turbing 
function R, t he  following LaGrange equations a re  used (ref.  6 ) :  
da 2 dii - -  _ - -  
dt na aM 
Subst i tut ion of equation ( A 6 )  i n t o  equations ( A 8 )  gives 
da - = o  
d t  
APPENDIX A 
- d t  
From equation (A9)  it i s  seen t h a t  k / d t  and dn/dt have secular and long- - 
period changes. All t he  r a t e s  of change of t h e  elements except da/dt and 
de/dt 
t h e  elements except 
l i t e  o rb i t  l i n e  of apsides) .  
(long-period changes due t o  
from equations (A9b) and (A9d) .  
assumed t h a t  t h e  e f f e c t s  which a re  periodic i n  52' have been averaged out.) If 
f o r  t h e  moment a l l  quant i t ies  appearing i n  equations (A9b) and (A9d) are con- 
sidered constant except t h e  arguments of pericentron and i f  i s  approxi- 
mated by i t s  secular  value, it i s  easy t o  in tegra te  these expressions t o  obtain 
long-period changes i n  eccent r ic i ty  and inc l ina t ion .  To account f o r  t h i s  
second long-period var ia t ion  i n  eccent r ic i ty  and inc l ina t ion  i n  t h e  in tegra t ion  
of equations (Ag),  t h e  rates given by equations (A9) w i l l  be expanded i n  a 
Taylor's s e r i e s  about mean values ('chat is, over t h e  period of ro ta t ion  of t he  
l i n e  of apsides) of inc l ina t ion  and eccent r ic i ty .  
valbes of e and i are not g rea t ly  d i f f e ren t  from t he  mean values, then only 
two terms of t h e  expansion need be considered, t h a t  is, i f  
represents any - of t h e  r a t e s  given i n  equations (A9),  then 
about e and i t o  get  t he  approximate or f i r s t -o rde r  relationship: 
have long-period changes (about 2 weeks) and a l l  t he  r a t e s  of change of 
da/dt have a longer periodic change (period of t h e  sa t e l -  
Some idea of t he  nature of t h e  long-period change 
w) i n  eccent r ic i ty  and inc l ina t ion  can be obtained 
( I n  the  long-period analysis  it w i l l  be 
aW/dt 
If it i s  assumed t h a t  t h e  
d E  - = k(a,e,i,Lu) 
dt  
k can be expanded - 




s i  = i - T\ 
and 
- 
(Note, a = a s ince - da - 0.) Approximate expressions f o r  6e and 6 i  can 
be obtained by in tegra t ion  of de/dt and d i /d t  as given by equations (A9b) 
and (A9d)  with t h e  assumption t h a t  &/dt i s  approximately equal t o  only i t s  
secular value, t h a t  is, by the  f i rs t  term i n  equation (A9c) and t h a t  t he  values 





From t h i s  it may be seen t h a t  
3 4  J~~ s i n  i 
e x e o - -  (1 - s i n 2 l ) L '  cos w 
2a3c;s - 4 2  





i = i o +  
= io + 
J30%E cos T 
2J20a(1 - E'>
( s i n  o) - s i n  00) 
- - Subst i tut ion of equations (Al5) and ( ~ 1 6 )  i n t o  equation (AJ-2) gives for 
i the  following approximations: 
e and 
Then 
... - - '30 Rm 
e = eo + - - s i n  i s i n  uo 
a 2 0  a 
sin % i R$ cos i 
- '30 Rm 6e = e - e = - - - s i n  i s i n u  
2J20 a 
These valuzs can be subst i tuted i n t o  equation ( U O )  t o  obtain an approximate 
value of E i n  terms of mean values of eccent r ic i ty  and inc l ina t ion .  The 
p a r t i a l  der ivat ives  t o  be used i n  equation (AlO) are  l i s t e d  as follows (again, 
it i s  assumed t h a t  a l l  e f fec ts  which a re  periodic i n  have been averaged SI' 





Quantities of t h e  order of 
since, as i s  shown l a t e r ,  such terms contribute terms of t he  order of 
These terms are  considered second order with respect t o  terms of the  order 
of J30. 
J30 i n  the  preceding equations were not evaluated 
J2 30/J20* 
Substi tution of t he  r e su l t s  from equations (A20) i n t o  equation (Al.0) 
gives the  following secular and long-period rates:  
3nJ30+ cos I(1 - 5 sin27) + -  
2a3(1 - E2)3sin 
de 3 4  ~ 3 0  s i n  i 
- = - -  
d t  2a3 (1 - ~ 2 ) ~  
(A21a) 
( A21b ) 
(A21c) 
( A21e ) 
The change i n  the  elements which a re  periodic i n  R '  can be obtained by 
These equations considering the  terms i n  equations (Ag), which contain 
can be put i n to  an approximate equivalent form t h a t  can be integrated by 
replacing the  value of i 
period of the moon's ro ta t ion  about i t s  polar axis. Neither e nor a need 
be considered as mean values since they do not have a change which i s  periodic 
i n  a ' .  
R ' .  
i n  t he  coeff ic ients  by i t s  mean value taken over the  
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If the  t o t a l  r a t e s  of change i n  the  elements (excluding short-period 
e f f e c t s )  as given by equations (Ag) are separated i n t o  terms denoted by a sub- 
s c r i p t  2, 3, o r  4 according t o  whether they a r e  periodic i n  
or secular, they can be wr i t ten  i n  terms of t h e  mean elements as follows: 
SI ' ,  periodic i n  cu, 
(") =(&) =(*) = o  
d t  2 d t  3 dt 4 
( 8 ) 2  = O 
- 
5 s i n  i cos cu 
2-) 
3 4  530 s i n  iil 
( 3 3  = - 2a3 (1 - $)2 - r  
( 3 4  = O 
-27 6 - 2 1  4 s i n  29 s i n  cu 2- -2 3 d + - 2  s i n  i - e cos 1 





The secular changes can be obtained from equations (A22), (A23c), (A24c), 
( ~ 2 5 ~ ) ,  and ( ~ 2 6 ~ )  as 
(&)4 = (Ae)4 = (Ai )& = 0 ( A m  1 
The rates periodic i n  52' 
s ion 
can be integrated by use of t he  approximate expres- 
a' - _  - nl dt 
(where n l  i s  t h e  r a t e  of ro ta t ion  of t he  moon about i t s  polar ax i s )  t o  get  
- 3nJ2$lm 2 s i n  i 
2a2 (1 - ~ 2 )  'nl 
(m), = - - (cos 252' - cos 2 4  
h 
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de/dt, per day . . . . 0 0.00125 
di/dt, deg/day . . . . 0.048 0.195 
dCL/dt, deg/day . . . . 0.124 0.103 0.278 dw/dt, deg/day . . . . 0.090 
A 
The ra tes  periodic i n  w can be integrated by assuming that  the major 








J3@m s i n  i 
( s i n  LU - s i n  wo) (A43 = -  2aJ20 
J RmE cos ? 
- 2 a ~ ~ ~ ( 1  - e 1 
30 ( s i n  w - s i n  wo) -2 (Ai> - 
27 -2 27 sin - e- _cos I( cos w - cos Wo> (A3lc J3oRm 
E s i n  i = - 2aJ& - E21 
cot q c o s  cu - cos w0) J3&5 
2aJ20(1 - z2) (AN3 = - 
To obtain a comparison of t he  re la t ive  magnitude of these changes, the maximum 
amplitudes of the  ra tes  f o r  a given orb i t  a re  given i n  the following chart: 
For computation, t he  following o rb i t a l  elements a re  considered: 
Z = 2224 kilometers 
- 
e = 0.1972 
w i t h  
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SECOND- ORDER ANALYSIS 
The following analysis  i s  second order i n  t h e  sense t h a t  an approximate 
expression which includes both secular  and long-period (periodic i n  
a r e  used i n  the  expression f o r  dm/dt. This expression f o r  du/dt i s  then 
used i n  t h e  determination of 
(E)4. According t o  equations (A25b) and (A25c), t h e  sum of t h e  secular and 
second long-period change i n  the  argument of pericentron i s  
w) e f f e c t s  
Arp ra ther  than t h e  approximate expression 
For convenience, t h e  following def ini t ions a re  presented: 
Substi tuting equations ( B 2 )  and ( B 3 )  i n to  equation (Bl) gives 
- dLu = A S ( l  + f s i n  w) 
at 
Integrat ion of equation (a) yie lds  
and r e l a t e s  t and w by the  r e l a t ion  
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where 6 = 1 when wo < rc < 0 and 6 = 0 f o r  a l l  other values of w and 
CUO- I n  ~ X L  cases 
To t h e  second order i n  
cu, 5 w < Q + 2n. 
f ,  equation (B6)  can be expanded t o  obtain 
t = Lt - wo + f (c0s  0 - cos wo) 
&S 
Equation (B7)  i s  accurate only when f i s  small compared with uni ty .  Since 
t h e  long-period change i n  t h e  pericentron a l t i t u d e  i s  given as 
ArP = -a Ae ( B 8 )  
an expression i s  needed f o r  t h e  long-period, change i n  eccentr ic i ty .  
expression i s  obtained from t h e  r a t e  
can be wri t ten as 
This 
de/dt given i n  equation (A21d)  which 
- 
J3& s i n  i . 
as cos Lu de - 
at 2aJ20 
- - -  
Subst i tut ion of dLo/dt from equation (&) i n t o  equation (B9)  gives 
J ~ $ ~  s i n  i 1 + f s i n  w 
log( 1 + f sin u0 
- - .. 
=20af 
which gives t h e  following long-period change i n  t h e  pericentron a l t i t u d e  
J30Rm s i n  i 
Arp = 
XJ20 
It may be seen t h a t  equation (B11) reduces t o  t h e  f i r s t -o rde r  r e su l t  for 
whenever f i s  s m a l l .  This condition i s  i l l u s t r a t e d  by the  expansion of equa- 
t i o n  (B11) i n  a Taylor's ser ies ,  which i s  
ArP 
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s i n  (I) - - 1 2  f s i n  2 w + - 1 3  f s i n  3 w 
2 3 
J ~ # ~  s i n  I 
2J2of 
Arp = 
- f s i n  cog + - 1 2  f s i n  2 wo - 1 f3sin3wo + o(+I  
2 5 
( s i n  w - s i n  cog) w + s i n  cue) J3Sm s in  ? Arp = 
2J20 
Caution should be used i n  the  application of equation (B12) since 
r e s t r i c t ed  t o  s m a l l  values of f .  
it i s  
APPENDIX c 
TIME HISTORY OF PERICEKCRON LOCATION AND SOLAR POSITION 
The dependence of latitude and longitude of pericentron, solar positions, 
and values of argument of pericentron on inc l ina t ion  can be obtained f r o m  t h e  
following sketch: 
Lunar 
e quat o r  
Sat e l l i t  e 
plane 
Application of spherical  trigonometry t o  t h e  sketch r e s u l t s  i n  t h e  following 
re la t ions  : 
cos 9 cos fl = -s in  R'sin w cos i + cos n'cos o 
s i n  j z j  = s i n  i s i n  o 




C O S ( 6  - 9)cos j z j  = 
Given i n i t i a l  values of w and S l ' ,  t h e  i n i t i a l  l a t i t u d e  and longitude 
of t he  argument of pericentron as a function of i can be found f r o m  equa- 
t i o n  (~1) as 
s i n  $0 = s i n  i s i n  wo 
s i n  Q: s i n  wo cos i + cos R: cos oo 
J1 - s in2i  sin% 
J1 - s i n  2 i s i n  2 q, 
cos 9, = - - 
cos R: s i n  o, cos i + s i n  at, cos oo 
s i n  9, = - 
The i n i t i a l  values of t h e  so l a r  posi t ions for t h e  i n i t i a l  longitude and 
l a t i t u d e  can be obtained from t h e  expression 
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cos(uo - eo)  = 1 
2\51 - s i n z i  si;% 
The subsequent change i n  jd with time i s  obtained by 
lowing f i r s t -order  expressions f o r  u i n to  equation (Cl): 
(c3) 
subst i tut ing the  fo l -  
The change of 6 with time i s  obtained as 
7 
e = eo - (13.2 - 6)t = eo - 
7 
The change i n  so l a r  posi t ion 
last equation i n  equation ( C l )  the  time-dependent values of $ and 6 j u s t  
described . 
cr, with time i s  obtained by subst i tut ing in to  the  
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